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T h i s  work was performed under  NASA Goddard Space F l i g h t  
C e n t e r  Grant  NGS-5288. The b a s i c  purpose  o f  t h e  r e s e a r c h  
performed was t o  model s u b s u r f a c e  media by employing s t o c h a s -  
t i c  t e c h n i q u e s .  A p r e l i m i n a r y  i n v e s t i g a S t i o n  i n d i c a t e d  t h a t  
modeling subsurface:  media by d i s c r e t e  p a r t i c l e s  hav ing  random 
p o s i t i o n  and o r i e n t a t i o n  would b e  a v i a b l e  p rocedure .  The 
method has wide a p p l i c a b i l i t y  s i n c e  most  s u b s u r f a c e  media can 
be viewed a s  a n  a g g r e g a t e  of  d i e l e c t r i c  p a r t i c l e s .  I n  a d d i -  
t i o n ,  s e v e r a l  m u l t i p l e  s c a t t e r i n g  methods ex i s t  which e n a b l e  
one t o  c a l c u a l t e  t h e  e l e c t r o m a g n e t i c  r a d i a t i o n  from such  a  
c o l l e c t i o n  of p a r t i c i e s  f o r  v a r i o u s  pa ramete r  regimes .  
To demons t ra te  t h e  u s e f u l n e s s  of t h e  method, t h e  e l e c t s o -  
magnet ic  b a c k s c a t t e r i n g  from a  h a l f  s p a c e  of d i s c r e t e  l o s s y  
d i e l e c t r i c  s c a t t e r e r s  was a n a l y z e d .  The method o f  Foldy was 
em2lcyed t o  f i n d  a n  e q u a t i o n  f o r  t h e  mean f i e l d  i n  t h e  s c a t -  
t e r i n g  r e g i o n .  From t h i s  e q u a t i o n ,  an  e f f e c t i v e  p e r m i t t i v i t y  
was o b t a i n e d .  The e f f e c t i v e  p e r m i t t i v i t y  was a n i s o t r o p i c  re- 
f l e c t i n g  t h e  n o n - s p h e r i c a l  n a t u r e  of t h e  p a r t i c l e s  b e i n g  con- 
s i d e r e d .  Fo l lowing  t h i s ,  t h e  c o r r e l a t i o n  of  t h e  s c a r t e r e d  
f i e l d  was found by employing t h e  d i s t o r t e d  Born approx imat ion .  
This  methcd t r e a t s  t h e  s c a t t e r e r s  a s  p a r t i c l e s  embedded i n  t h e  
e f f e c t i v e  medium. The b a c k s c a t t e r i n g  c o e f f i c i e n t s  w e r e  t h e n  
computed. 
S p e c i a l i z e d  r e s u l t s  were o b t a i n e d  by l e t t i n g  t h e  a r b i -  
t r a r y  p a r t i c l e s  t d k e  t h e  form of d i s c s .  s i n &  l o s s y  d i e l e c -  
t r i c  d i s c s  c l ~ s e i y  resemble  l e a v e s ,  comparison of t h e  
c a l c u l a t e d  r e s u l t s  was made w i t h  d a t a  o b t a i n e d  from microwave 
b a c k s c a t t e r i n g  from dec iduous  trees. The c a l c u l a t e d  r e s u l t s  
ag reed  w i t h  t h e  expe r imen t  d a t a  ( i n  l e v e l ) .  The most  i n t e r -  
e s t i n g  f i x t u r e  was,  t h a t  t h e  d e p o l a r i z e d  component o f  back- 
s c a t t e r  was accoun ted  f o r  c o r r e c t l y .  T h i s  was due t o  t h e  
f a c t  t h a t  t h e  a n i s o t r o p i c  n a t u r e  o f  t h e  s c a t t e r i n g  medium 
was corret::tly accoun ted  f o r .  
F i n a l l y ,  w e  would l i k e  t o  acknowledge t h e  s u p p o r t  and 
encouragement  o f  D r .  D. LeVine and M r .  R. Meneghini o f  NASA. 
We would a l s o  l i k e  t o  thank  M r ,  S e l i m  S e k e r  o f  GWU f o r  pe r -  
forming t h e  n u m e r i c a l  c a l c u l a t i o n s .  
INTRODUCTION 
This paper studies electromagnetic backscattering from 
a sparse distribution of discrete lossy dielectric scatterers 
occupying a region V. The scatterers are assuned to have 
random position and orientation. Scattered fields are calcu- 
lated by first finding the mean field and then by using it to 
define an equivalent medium within the volume V. The scatter- 
ers are then viewed as being embedded in the equivalent medium; 
the distorted Born approximation is then used to find the scat- 
tered fields. This technique represents an improvement over 
the standard Born approximation since it takes into account 
the attenuation of the incident and scattered waves in the 
equivalent mzdi-m. 
In the past, electromagnetic scattering from a collection 
of discrete scatterers has been modeled by continuous and 
discrete random medium techniques. In the continuous case, 
the random medium is modeled by assuming that its permittivity 
E(X) is a random process whose moments are known. The average 
- 
backscattering cross section is then calculated from a know- 
ledge of the statistics of ~ ( x ) .  Usually it is only the mean 
- 
and correlation of the permittivity that are required. The 
analysis of this problem can then proceed in a number of ways. 
One method involves calculating the mean field [Keller, 1962, 
Tatarskii and Gertsenshtein, 1963 and Keller and Karal 19663, 
using it to define an equivalent medium and then employing 
single scattering in the equivalent medium. In active remote 
sensing applications from terrain, the technique has been ap- 
plied by a number of authors [Rosenbaun and Bowles, 1974; 
1 
Heyenor. 1976; Fung and Fung, 1977; Fung and Ulaby, 1978: 
Fung, 1979; and Zuni,ga, e t  al., 19791. Another  t e c h n i q u e  
used t o  o b t a i n  t h e  s c a t t e r e d  f i e l d s  from a  con t inuous  random 
medium i s  the r a d i a t i v e  t r a n s p o r t  approach.  Here t h e  t r a n s -  
p o r t  e q u a t i o n s  a r e  o b t a i n e d  i n  terms o f  t h e  s t a t i s t i c s  o f  ~ ( 5 )  
[Tsany and Kong , 19781. 
I n  t h i s  p a p e r ,  w e  have adop ted  t h e  a l t e r n a t i v e  approach 
- modeling by d i s c r e t e  random media t e c h n i q u e s .  H e r e ,  t h e  
i n d i v i d u a l  o b j e c t s  - such a s  l e a v e s  - a r e  c h a r a c t e r i z e d  by 
t h e i r  s c a t t e r i n g  c r o s s  s e c t i o n s  o r  d i p o l e  moments. Each o b j e c t  
i s  t h e n  g i v e n  a  random placement  and o r i e n t a t i o n .  Techniques 
such as Born approximat ion;  s i n g l e  s c a t t e r i n g  method and t r a n s -  
p o r t  e q u a t i o n s  have been used t o  c a l c u l a t e  s c a t t e r e d  f i e l d s  
[ I sh imaru ,  19781. I n  t h e  a r e a  o f  a c t i v e  remote s e n s i n g  from 
t e r r a i n  Du and Peakc [I9691 have u s e d  t h e  Born approximat ion  
t o  c a l c u l a t e  t h e  s c a t t e r i n g  from a  l a y e r  of  l e a v e s .  Lang 119791 
employed t h e  d i s t o r t e d  Born approximat ion  t o  c a l c u l a t e  t h e  
b a c k s c a t t e r  from a  h a l f  s p a c e  o f  s p h e r i c a l  s c a t t e r e r s .  
I n  t h i s  p a p e r  w e  g e n e r a l i z e  t h e  p r e v i o u s  r e s u l t  of  Lang 
119791 t o  s c a t t e r e r s  of  a r b i t r a r y  shape .  The t e c h n i q u e  employed, 
a s  mentioned p r e v i o u s l y ,  i s  t o  f i n d  t h e  mean f i e l d  u s i n g  a  
t e c h n i q u e  f i r s t  developed by Foldy [I9451 and l a t e r  g e n e r a l i z e d  
by Lax [1951, 19521, Twersky [1962, 19781 and Keller 119641. 
From t h i s  mean wave an e q u i v a l e n t  medium is  d e r i v e d  w h i c h t i n  
g e n e r a 1 , i s  inhomogeneous, spatially d i s p e r s i v e  and a n i s o t r o p i c .  
The s c a t t e r e d  f i e l d  i s  then  o b t a i n e d  by employing s i n g l e  s c a t -  
t e r i n g  i n  t h e  e q u i v a l e n t  medium. 
The method i s  t h e n  a p p l i e d  t o  a  h a l f  s p a c e  of  s c a t t e r e r s  
that are homogeneously distributed and have characteristic 
dimensions small compared to a wavelength. In this case the 
equivalent dielectric tensor is homogenous and nondispersive 
but is still anisotropic. Further simplifications are obtained 
when the orientation of the scatterers is assumed to be dis- 
tributed uniformily in the azimuth direction. In this special 
case the medium bec~mes uniaxial. By using this equivalent 
medium, simple expressions are obtained for the horizontal, 
vertical and cross polarized backscattering coefficients. 
Finally, the method is used to model a leaf canopy when the 
leaves are modeled by lossy dielectric discs. 
PROBLEM FORMULATION 
Consider t h e  problem o f  s c a t t e r i n g  of t ime harmonic 
e lec t romagnet ic  waves from N d i s c r e t e  s c a t t e r e r s  l oca t ed  i n  
a  volume V a s  i s  shown i n  F igu re  1. The p a r t i c l e s  a r e  a l l  
i d e n t i c a l  and each has  volume V r e l a t i v e  d i e l e c t r i c  c o n s t a n t  
P '  
E and f r e e  space pe rmeab i l i t y  yo.  It  i s  assumed t h a t  t h e  
P 
background medium i s  f r e e  space  having p e r m i t t i v i t y  e0 and 
permeabi l i ty  Po. 
The p o s i t i o n  of t h e  ith p a r t i c l e  i s  s p e c i f i e d  by t h e  
vec to r  X .  extending from an o r i g i n  0 t o  t h e  c e n t e r  of  t h a t  
-1 
p a r t i c l e .  The p a r t i c l e ' s  c e n t e r  i s  loca t ed  by t h e  c e n t e r  of 
t h e  s m a l l e s t  c i rcumscr ibed sphere  i n  which t h e  p a r t i c l e  can 
be p laced .  Although t h e  p a r t i c l e s  are i d e n t i c a l  they have a 
r o t a t i o n  wi th  r e s p e c t  t o  a  f i x e d  d i r e c t i o n .  The r o t a t i o n  f o r  
t h e  ith p a r t i c l e  i s  s p e c i f i e d  by Q . = ( O i ,  Qi) where Gi and @ 
-1 i 
a r e  p o l a r  and azimuth angles  r e s p e c t i v e l y  wi th  O < O .  <ti and 
- 1- 
O<@. < 2 ~ .  
- 1- 
The e l e c t r i c  f i e l d  obeys t h e  v e c t o r  wave equa t ion  
2 VxVxE - k E (x)E  = i w u o  J 
- 0  r - -  (1) 
where a  time dependence e - i w t  has  been assumed. I n  (1) kg - 
u r n  
i s  t h e  f r e e  space  wavenumber and J i s  t h e  c u r r e n t  
- 
d e n s i t y  of t h e  source .  The r e l a t i v e  d i e l e c t r i c  c o n s t a n t  
E (x)  can be expressed i n  terms of i n d i v i d u a l  p a r t i c l e s  by 
r -  
employing t r a n s l a t i o n s  and r o t a t i o n s  of  t h e  p a r t i c l e  l oca t ed  
a t  t h e  o r i g i n .  Let  us assume t h a t  a  p a r t i c l e  l oca t ed  a t  t h e  
o r i g i n  is  c h a r a c t e r i z e d  by t h e  func t ion  U (x )  where 
- 
P 
Using ( 2 )  w e  e x p r e s s  E (_x) a s  r 
where 
u ( x , g  = u ( E ( ~ )  - -  = X I  - ( 4 )  
Here U ( x , c )  i s  t h e  f u n c t i o n  U (x) r o t a t e d  by 52 and R ( a )  i s  a  
- - - - 
r o t a t i o n  dyad ic .  
W e  w i l l  f i n d  it c o n v e n i e n t  t o  e x p r e s s  (1) and ( 3 )  i n  a  
more a b s t r a c t  n o t a t i o n .  W e  have  
where 
Here L i s  t h e  u n i t  d y a d i c  and q c a n  b e  viewed a s  a  n o r m a l i z -  
- 
ed s o u r c e  t e r m .  A t  t i m e s  it w i l l  b e  c o n v e n i e n t  t o  w r i t e  
E (g) = go (x) + gs (g) 
- ( 8 )  
where E o ( x )  i s  t h e  s o l u t i o n  t o  ( 5 )  when no s c a t t e r e r s  are 
p r e s e n t ,  i . e . ,  
L_-E (2) = g 
- -0 (9) 
and E ( x )  i s  t h e  s c a t t e r e d  f i e l d  from t h e  p a r t i c l e s .  
-S - 
SINGLE SCATTERER - TRIiNSITION OPERATOR 
B e f o r e  c o n s i d e r i n g  t h e  N p a r t i c l e  s c a t t e r i n g  problem, w e  
w i l l  c o n s i d e r  s c a t t e r i n g  from one p a r t i c l e  l o c a t e d  a t  t h e  
o r i g i n .  P u t t i n g  N = l  i n  ( 5 )  w i t h  X1=O and E1=E, w e  have  
where 
and e i s  o u t g o i n g  as Ixl+m. W e  have used  t h e  s m a l l  e n o t a -  
-S - - 
t i o n  f o r  t h e  f i e l d  h e r e  t o  remind u s  t h a t  t h e r e  i s  o n l y  one 
s c a t t e r e r  p r e s e n t .  
I f  w e  u s e  (11) i n  ( l o ) ,  w e  o b t a i n  
Lee = y 0 e  
= -s - - 
From (12)  w e  see t h a t  t h e  t e r m  on t h e  l e f t ,  y o e ,  - - c a n  be view- 
ed  a s  t h e  s o u r c e  o f  t h e  s c a t t e r e d  f i e l d .  W e  w r i t e  
= V ' e  rreq = - (13)  
where g  i s  a n  e q u i v a l e n t  s o u r c e  t e r m .  S i n c e  y=O when 
-eq - 
x$Vp, t h e  s o u r c e s ,  
- 
seq e x i s t  i n s i d e  t h e  p a r t i c l e  boundar ies .  
I t  i s  more n a t u r a l  t o  t h i n k  of  t h e  e q u i v a l e n t  s o u r c e s  a s  
b e i n g  caused  by t h e  i n c i d e n t  f i e l d  go. Because Maxwell 's  
e q u a t i o n s  a r e  l i n e a r ,  w e  c a n  w r i t e  
- 5teq - EWEo 
where t h e  d y a d i c  o p e r a t o r  g - i s  known a s  t h e  t r a n s i t i o n  opera-  
t o r  i n  t h e  s c a t t e r i n g  l i t e r a t u r e  [Lax, 19511. Now u s i n g  (13)  
and ( 1 4 )  i n  (12)  and m u l t i p l y i n g  th rough  by - w e  have  
6 
Thus t h e  knowledge of 2 - completely cha rac t ex i zes  t h e  s c a t t e r -  
ing  p r o p e r t i e s  of  t h e  p a r t i c l e .  The operakGr 2 - is r e l a t e d  t o  
t h e  dyadic  s c a t t e r i n g  ampli tude of t h e  p a r t i c l e  and f o r  d i p o l e  
s c a t t e r e r s  IP - can be determined from t h e  p o l a r i z a b i l i t y  o f  t h e  
p a r t i c l e .  Thus T - is  d i r e c t l y  connected with  q u a n t i t i e s  of 
- 
phys ica l  i n t e r e s t .  
The t r a n s i t i o n  ope ra to r  i s  a  l i n e a r  bounded ope ra to r  and, 
- a s  a  r e s u l t ,  can be expressed i n  i n t e g r a l  form: 
geq (5)  = :-go = f d x ' t _ ~ ~ , ~ ' )  - * ~ ~ ( 5 ' )  (16) 
where t h e  l i m i t s  f o r  t h e  i n t e g r a l  extend over a l l  space.  One 
can show t h a t  f - i s  0 whch -. x and - x '  are o u t s i d e  t h e  p a r t i c l e  
[F r i s ch ,  19681 , i . e . ,  
t ( a : , x 1 )  = 0 , x$vp o r  x'$V 
- 
_ -- - 
- P  (17) 
The p rope r ty  fol lows d i r e c t l y  from t h e  f a c t  t h a t  t h e  equbva- 
l e n t  sources  f o r  t h e  s c a t t e r e d  f i e l d  a r e  l o c a t e d  w i t h i n  t h e  
p a r t i c l e  boundaries, ,  
W e  w i l l  now r e ~ r e s e n t  _t- i n  terms o f  p lane  waves. The 
r e p r e s e n t a t i o n  of f - can be d i r e c t l y  r e l a t e d  t o  t h e  dyadic  
s c a t t e r i n g  ampli tude.  We proceed by r e p r e s e n t i n g  ~ ~ ( 5 )  by 
i t s  Four i e r  t ransform,  p u t t i n g  t h i s  i n  (16) and t ak ing  t h e  
Four ie r  t rans form of  ( 1 6 ) .  We o b t a i n  
(18) 
where 
I n  (18)  we have used t h e  n o t a t i o n  t h a t  h is  t h e  Four i e r  
-
t r a n s f o r m  o f  h .  More s p e c i f i c a l l y  
- 
I n v e r ~ i n g  (19)  t h e  k r a n s i t i o n  k e r n e l  _t can  be  e x p r e s s e d  i n  
- 
terms of i t s  p l a n e  wave r e p r e s e n t a t i o n  f :  
- 
t ( x I x l )  = - i ( k * x - k l - X I !  
= - -  
fdk d k t  f ( k , k " e  - -- - - 
(2n)  - - - - -  
(21)  
The d y a d i c  s c a t t e r i n g  ampl i tude  w i l l  now i ~ r  d e f i n e d .  
Cons ide r  a p l a n e  wave i n c i d e n t  upon a  s c a t t e r e r  l o c a t e d  a t  
t h e  o r i g i n .  A ~ I  a r b i t r a r y   lane wave can  be decomposed i n t o  
two m u t u a l l y  o r t h o g o n a l  l i n e a r l y  p o l a r i z e d  p l a n e  waves. The 
p o l a r i z a t i o n  d i r e c t i o n s  a r e  t a k e n  a s  a 0  and P o  where a O  and 
- - - 
B 0  a r e  o r t h o g o n a l  u n i t  v e c t o r s  w i t h  a O  and P o  b e i n g  perpen- 
- - - 
d i c u l a r  t o  t h e  d i r e c t i o n  o f  p ropaga t ion .  The two i n c i d e n t  
Waves a r e  
-k i = x  
e (5 ,L ;q )  = qoe 0- - 
-0 I q ~  {a,f3) 
where i i s  a  u n i t  v e c t o r  i n  t h e  d i r e c t i o n  o f  i n c i d e n c e .  I t  
- 
i s  more c o n v e n i e n t  t o  c o n s i d e r  b o t h  p o l a r i z a t i o n s  s imul tan-  
e o u s l y  s o  w e  i n t r o d u c e  t h e  d y a d i c  i n c i d e n t  wave [Twersky. 19671 
eo (x ,g  = %(x.&;:cl)% + %(x,g;P)Q - 
 ( 2  3) 
The d y a d i c  s c a t t e r e d  f i e l d  from t h e  p a r t i c l e  i s  g i v e n  by 
e (2,L) = gs ( ~ , L ; : c l ) g ~  + es(xlL;B)go 
=s (26)  
where -S e ( x , i : q )  - - i s  t h e  s c a t t e r e d  f i e l d  due  t o  p o l a r i z a , t i o n  q.  
T t e  d y a d i c  s c a t t e r i n g  ampl i tude ,  f ,  i s  d e f i n e d  i n  terms o f  t h e  
- 
a s y m p t o t i c  e x p r e s s i o n  f o r  gs i n  t h e  r a d i a t i o n  zone. W e  have 
where - 0 i s  a  u n i t  v e c t o r  i n  t h e  x d i r e c t i o n ,  O=_x/(xl. 
- - - 
..A 
The r e l a t i o n s h i p  between f - and & can b e  found by employ- 
- 
i n g  (15)  f o r  l a r g e  1x1 (Appendix A) . The r e s u l t  i s  
- 
From t h i s  r e l a t i o n ,  w e  see 
O o f = O ,  f w i = O  
- - - - (29) 
Thus f i s  a  f o u r  component t e ~ s o r  - a l l  combinat ioi ls  o f  t w c  
- 
i n c i d e n t  p o l a r i z a t i o n s  and two s c a t t e r e d  p o l a r i z a t i o n s .  we 
.. -
a l s o  n o t e  t h a t  2 - d o e s  n o t  comple te ly  d e t e r m i n e  b u t  o n l y  
- 
p a r t i a l l y  s p e c i f i e s  it. I n  p a r t i c u l i i r ,  a  knowledgr o f  - f f o r  
a  free s p a c e  wave number k0 o n l y  d e t e r m i n e s  E - _ _  ( k , k l )  a t  ( k  ( = 
- 
k  = I  a l s o  o n l y  f o u r  o f  t h e  n i n e  components o f  f i n  t h e  
- - 
p o l a r i z a t i o n  d i r e c t i o n s  a r e  de termined.  
Before  conc lud ing  t h i s  s e c t i o n ,  t r a n s i t i o n  o p e r a t o r s  f o r  
p a r t i c l e s  n o t  l o c a t e d  a t  t h e  o r i g i n  w i l l  b e  needed. A s  b e f o r e ,  
t h e  e q u i v a l e n t  s o u r c e s  f o r  a p a r t i c l e  l o c a t e d  a t  X. can 
e q  -1 
b e  r e l a t e d  t o  t h e  i n c i d e n t  f i e l d .  It f o l l o w s  t h a t  
By s h i f t i n g  t h e  s o u r c e s  and t h e  i n c i d e n t  f i e l d  t o  t h e  o r i g i n  
t .  can b e  r e l a t e d  t o  g. One f i n d s  
=1 - 
Note t h a t  th roughou t  t h e  d i s c u s s i o n  t h e  dependence o f  2 on 
- 
r o t a t i o n s  h a s  been suppressed  f o r  convenience  o f  n o t a t - i o n .  
COHERENT FIELD 
In this section we will develop an approximate equation 
for the coherent field by employing the Foldy approximation 
[Foldy, 19451. The equation is in terms of the transition 
operator and thus, when the scattering amplitude is known, 
the equation is completely specified. After the equation has 
been derived it is pointed out that outside V the coherent 
fields obeys Maxwells' equations with free space permittivity 
and pnrmeabi,lity. Inside V, the coherent fields obey Maxwells 
equations with free space permeability and a macroscopic per- 
mittivity that is inhomogeneous, anisotropic and spntially 
dispersive. 
Before discussing the coherent field, the statistics 
thht govern the particles position and rotation rwt be specified. It 
will be assumed that the positior~ vectors Xi, i=1. ..N and ro- 
tation vectors o,, i=l..N are random variables that are spe- 
-.I. 
cified 5y a 5~ dimensional distribution function. In addi- 
tion, it is assumed that interchanging particles leaves the 
distribution function unaffected. From this general distri- 
bution function we can obtain the probability density func- 
tion for the ith particle. It is 
where w = ( e , + ) .  
- 
(32) we have explicitly noted the fact 
I 
B 
that the particles are identically distributed by omitting 
the index i on the left hand side of (32). We will assume 
tU 
that the particles location and rotation are independent, thus 
with t h e  u sua l  p roper ty :  
The p a r t i c l e  d e n s i t y  i s  def ined  by 
p (2)  = N px(x)  
- 
SO t h a t  
I n  a d d i t i o n  t o  t h e  one p a r t i c l e  d e n s i t y  - when t r e a t i n g  t h e  
c o r r e l a t i o n  of  t h e  f i e l d  - t h e  two p a r t i c l e  d e n s i t y  w i l l  be  
r equ i r ed .  We have 
i l j  = l , . . . N  
I n  (37 )  we have assumed t h a t  t h e  ith and jth p a r t i c l e s  a r e  
independent.  The independence assumption is  v a l i d  when t h e  
p a r t i c l e s  a r e  s p a r s e l y  d i s t r i b u t e d ;  t h e  c a s e  we in t end  t o  
t r e a t .  
W e  w i l l  now develop t h e  approximate equa t ion  f o r  t h e  
coheren t  f i e l d .  We s t a r t  by no t ing  t h a t  t h e  t o t a l  f i e l d  E 
- 
can be thought of  a s  a  sum of t h e  i n c i d e n t  f i e l d  go p l u s  a 
sum o f  t h e  f i e l d s  s c a t t e r e d  from each p a r t i c l e ,  E ' ~ )  . We 
-S 
have 
The t o t a l  f i e l d  i n c i d e n t  on t h e  ith p a r t i c l e  i s  c a l l e d  t h e  
e f f e c t i v e  f i e l d  and i s  denoted by E ( ~ )  . Thus T i * ~ ( i )  r epre -  
- - - 
s e n t s  t h e  equ iva l en t  sources  generated by t h e  i n c i d e n t  f i e l d  
i n  t h e  ith p a r t i c l e  and 
This  i s  t h e  e q u a t i o n  t h a t  we wished t o  o b t a i n .  
NOW w e  ave rage  t h i s  e q u a t i o n .  The r e s u l t  i s  
To o b t a i n  an  approximate e q u a t i o n  f o r  t h e  mean w e  f o l l o w  
[Foldy, 19451 and assume 
T h i s  means t h a t  t h e  random q u a n t i t y  E ( i )  i s  t o  f irst  o r d e r  
- 
e q u a l  t o  a  d e t e r m i n i s t i c  q u a n t i t y ,  i . e . ,  t o  f irst  o r d e r  it 
i s  a  e r g o d i c  q u a n t i t y .  Using (42)  i n  (41)  and n o t i n g  t h a t  
<Ti-E( i )  - - >=<T ' < E > > = < T .  > * < E >  w e  have  t h e  approximate  e q u a t i o n  
=i - =1 - 
f o r  t h e  mean f i e l d  
Denoting e x p l i c i t l y  t h e  dependence of T .  upon Xi and a .  av- 
=1 -1 
e r a g i n g  and t h e n  u s i n g  ( 3 3 ) ,  w e  have  
where 
I n  (45)  t h e  b a r  over 2 has been used t o  i n d i c a t e  an  average  o f  
- 
12 
angu la r  v a r i e s  only. By p u t t i n g  ( 4 4 )  i n  ( 4 3 ) ,  by no t ing  t h a t  
t h e  s c a t t e r e d  terms a r e  i d e n t i c a l  and by in t roduc ing  p ( s )  v i a  
- 
( 3 5 ) ,  w e  o b t a i n  
Mul t ip ly ing  from t h e  l e f t  by _L 2nd using (9) , w e  g e t  
- 
where 
This i s  t h e  equa t ion  f o r  t h e  coheren t  f i e l d .  
The arguments t h a t  have l e d  t o  t h e  approximate equa t ion  
(47) have been l a r g e l y  h e u r i s t i c .  The e s s e n t i a l  approximation 
i s  conta ined  i n  ( 4 2 )  where t h e  e f f e c t i v e  f i e l d  i s  assumed 
approximately equa l  t o  t h e  average f i e l d .  Although we w i l l  
not  d i s c u s s  t h e  cond i t i ons  under which (42) i s  v a l i d ,  it w i l l  
be shown elsewhere t h a t  t h e  approximation i s  v a l i d  when t h e  
f r a c t i o n  of  volume occupied by t h e  p a r t i c l e s  i s  smal l  com- 
pared t o  t h e  t o t a l  volume, i .e . ,  NV V < < 1 .  W e  s h a l l  r e f e r  t o  d 
a  d i s t r i b u t i o n  of  s c a t t e r e r s  s a t i s f y i n g  t h i s  cond i t i on  a s  a  
Before  proceeding we w i l l  w r i t e  t h e  equa t ion  f o r  t h e  mean 
i n  more conc re t e  form. Using (30) and (31) i n  (47) and (48) , 
we o b t a i n  
where 
Here the kernel &(x,x':w) is the same as given in (31) , how- 
- - -  - 
ever we have explicitly shown its dependence on the angular 
coordinate w. 
- 
We can now use (49) to obtain a macroscopic form of 
 axw well's equations. First averaging the ~aradary's law 
equation; we have 
Then by using (51) in (49) , we obtain the macroscopic Ampere's 
law equation. 
Dx<H(x)> = J - iw<D> , < D >  = E ~ ~ - < E >  
- 
-7 - - - (52) 
when g is a macroscopic permittivity operator which describes 
- 
the average behavior of the medium and ~=g/(iwv ) .  It is 
- - 0 
This expression simplifies to 2 (free space) when x$V. To 
- - 
see this we note that when x$V, we have x-s$V since SEV. 
- - - P - 
Now using (17) we have g=0. When XEV (47) does not simply 
- - 
in general. It describes an anisotropic, inhomogeneous, spa- 
tially dispersion medi-am. 
Let us examine how (53) reduces to some more familiar 
expressions in some special situations. We will assume that 
V is infinite through the remainder of this section. First 
we will consider the case when the density is constant, i.e., 
p(g)=p. In this case the permittivity is translationally in- 
variant or homogeneous. To see this we substitute (21) into 
(53) and we perform the integrations over s and kt. We ob- 
- - 
tain 
- 
w - 
when t ( k , k ) =  
- - -  d W  Pn(w_)L (& ,& ' ;w_)  
S i n c e  t h e  i n t e g r a n d  i s  a  f u n c t i o n  o f  x-x' t h e  p e r n i t t i v i t y  i s  
- 
t r a n s l a t i o n a l l y  i n v a r i a n t  however it i s  s t i l l  a n i s o t r o p i c  and 
s p a t i a l l y  d i s p e r s i v e .  
Another  s p e c i a l  c a s e  o f  i n t e r e s t  is  when _t i s  s c a l a r ,  
- 
- - 
i . e .  _t(x,x') = t ( x , x t ) & .  T h i s  o c c u r s  when t h e  s c a t t e r e r s  a r e  
- - 
s p h e r i c a l .  Then t h e  p e r m i t t i v i t y  i s  i s o t r o p i c  b u t  inhomo- 
geneous and s p a t i a l l y  d i s p e r s i v e .  
The l a s t  s p e c i a l  c a s e  t o  b e  t r e a t e d  is when t h e  wave- 
l e n g t h  is  l a r g e  compared t o  t h e  s i z e  o f  a  scatterer. Here 
t h e  p a r t i c l e  can  b e  t r e a t e d  a s  an  e lectr ic  d i p o l e .  Its e q u i -  
v a l e n t  s o u r c e  d i s t r i b u t i o n  i s  g iven  by 
where p is the electric dipole nment of the scat terer  and 6 (x) is tne 
f 1 
- 
: I 
I 
Dirac de l t a  function. me dipole m m t  is related t o  the incident f i e l d  3 by I ! 
i I 
; i 
the $blarizabil.ity tensor g, Jones  , 19 6? 1 
- 
i 
, s 
- a * e  (57)  5 -  €0 = -0 ! 
I 3  
Using (57)  i n  (56)  and comparing it w i t h  ( 1 4 )  , w e  f i n d  : i. 1 
Now p u t t i n g  (59)  i n  (19)  , we o b t a i n  
Thus we see in the dipole limit f is independent of k and k t .  
- - - 
Since we have an expression for _t in the low frequency 
- 
or dipole limit, the special form of g can be easily obtained. 
- 
Using (5 9) in (54) , we find 
E - = I + P ( ~ F  
- - (61 ) 
Thus in the low frequency case, the permittivity is no longer 
spatially dispersive however it is still anisotropic and in- 
homogeneous. 
CORRELATION 
I n  t h i s  s e c t i o n  w e  w i l l  c a l c u l a t e  t h e  c o r r e l a t i o n  o f  t h e  
e lec t r ic  f i e l d .  Rather  t h a n  f o l l o w i n g  p rocedures  used to  f i n d  
t h e  c o h e r e n t  wave, t h e  d i s t o r t e d  Born approximat ion  w i l l  be  
employed. T h i s  i s  a  s i n g l e  s c a t t e r i n g  approx imat ion  where 
t h e  s c a t t e r e r s  a r e  assumed t o  be  embedded i n  t h e  e q u i v a l e n t  
medium which h a s  been found i n  t h e  p r e v i o u s  s e c t i o n .  The 
method i s  u s e f u l  when t h e  f r a c t i o n a l  volume i s  s m a l l  (NV / V < < l )  
P  
and t h e  a l b e d o  o f  a  s i n g l e  p a r t i c l e  i s  s m a l l .  The l a t e r  con- 
d i t i o n  i m p l i e s  t h a t  t h e  energy absorbed  by a  p a r t i c l e  must b e  
much l a r g e r  t h a n  t h e  energy  s c a t t e r e d  by it. 
W e  s t a r t  by c o n s i d e r i n g  a  volume V o f  e q u i v a l e n t  medium 
surrounded by free space .  There are N p a r t i c l e s  embedded i n  
V a s  shown i n  F i g u r e  1. The s c a t t e r e d  f i e l d  due t o  t h e  i t h  
p a r t i c l e  can  be  c a l c u l a t e d  by modif ing  ( 3 9 ) .  W e  assume t h a t  
t h e  i n c i d e n t  f i e l d  on t h e  p a r t i c l e  i s  t h e  mean f i e l d  < E >  and 
- 
t h a t  t h e  free s p a c e  o p e r a t o r  L i s  r e p l a c e d  by t h e  e q u i v a l e n t  
- 
medium o p e r a t o r  a s  g i v e n  i n  ( 4 8 ) .  W e  have 
- 
Before  proceeding,  w e  p o i n t  o u t  t h a t  o u r  main i n t e r e s t  
i n  f i n d i n g  t h e  c o r r e l a t i o n  of  t h e  f i e l d  i s  t o  u s e  it t o  c a l -  
c u l a t e  t h e  b a c k s c a t t e r i n g  c r o s s  s e c t i o n .  S i n c e  t h i s  c r o s s  
s e c t i o n  i s  r e l a t e d  t o  t h e  c o r r e l a t i o n  o f  t h e  f i e l d  f l u c t u a -  
t i o n s ,  w e  now d e f i n e  
Now computing t h e  c o r r e l a t i o n  of t h e  f l u c t u a t i n g  f i e l d ,  w e  
o b t a i n  
17 
A n A 
< E  (x )E*  (x) > = < E  (x )  E* (s) > - <gs (5)  ><Eg (x )  > 
-f - -f -S - -S - (64 
where z* is  t h e  conjuga te  of  z .  P u t t i n g  (62) i n  (64) and no- 
- 
t i n g  t h a t  a  po r t i on  of <E*EG> cance l s  w i t h  < E  ><E*> i f  w e  use 
-S -S 
t h e  f a c t  t h a t  N > > 1 .  W e  f i n d  
where 
wi th  
E _ ( ~ ; S )  = f - l - ~ ( s )  .<E> 
- - - - - 
(67) 
Here w e  have separa ted  t h e  average i n t o  r o t a t i o n  and coordi-  
n a t e  space  averages ,  t h u s  i n t roduc ing  t h e  c o n d i t i o n a l  expecta-  
t i o n ,  <gfE;>,, wi th  r e s p e c t  t o  given w.  
- 
- 
To w r i t e  (67) more e x p l i c i t l y ,  w e  i n t roduce  t h e  dyadic  
Green's  func t ion  _G(x,xl) f o r  t h e  o p e r a t o r  g. I t  s a t i s f i e s  
- - -  - 
X=g(x,x') = IB(x-x ' )  - - -  (68) 
+ - G - outgoing a s  Ixl+m 
- - 
where i s  given i n  ( 4  8) . Now (6 7) becomes 
- 
The expressiorl  s i m p l i f i e s  g r e a t l y  i n  t h e  low frequency l i m i t .  
Assuming t h a t  & i s  given by (59) and us ing  t h i s  i n  ( 6 9 )  g i v e s  
- 
2 E(x,g) = k,g(x,s)  - -  *e*<E(s)>  - - -  (70) 
BACKSCATTERING COEFFICIENTS FOR A HALF SPACE O F  DIPOLES 
T o  i l l u s t r a t e  t h e  a p p l i c a t i o n  o f  t h e  methods developed 
i n  t h e  p r e v i o u s  s e c t i o n s ,  w e  w i l l  c a l c u l a t e  t h e  b a c k s c a t t e r i n g  
c o e f f i c i e n k s  f r o m  a  h a l f  s p a c e  o f  s c a t t e r e r s  t h a t  a r e  s m a l l  
compared t o  wavelength .  W e  w i l l  a l s o  assume t h a t  t h e  d e n s i t y  
of  s c a t t e r e r s  p i s  c o n s t a n t .  The p h y s i c a l  c o n f i g u r a t i o n  i s  
shown i n  F i g u r e  2 .  There ,  w e  have shown t h e  d i r e c t i o n  of  t h e  
i n c i d e n t  wave and t h e  p o l a r i z a t i o n  v e c t o r s  - h0  and - v0  r e p r e -  
s e n t i n g  h o r i z o n t a l  and v e r t i c a l  p o l a r i z a t i o n s  r e s p e c t i v e l y .  
To compute t h e  s c a t t e r e d  f i e l d  u s i n g  t h e  d i s t o r t e d  Born 
approximat ion ,  w e  must f i r s t  c a l c u l a t e  t h e  mean f i e l d  i n  t h e  
h a l f  s p a c e  c o n t a i n i n g  t h e  p a r t i c l e s .  I n  t h e  l o w  f requency  
approximat ion  t h e  mean wave i s  computed by r e p l a c i n g  t h e  pa r -  
t i c l e s  w i t h  a n  e q u i v a l e n t  medium h a v i n g  r e l a t i v e  p e r m i t t i v i t y  
t e n s o r  g=I+p - - - and free space  p e r m e a b i l i t y  pO. The u s u a l  con- 
t i n u i t y  c o n d i t i o n s  a s s o c i a t e d  w i t h  macroscopic  Maxwell 's  
e q u a t i o n s  a r e  assumed t o  h o l d  a t  t h e  i n t e r f a c e  z=0. 
B e f o r e  p roceed ing  w e  would Like t o  emphasize t h a t  t h e  
f s c a t t e r e r s  a r e  s p a r s e l y  d i s t r i b u t e d  or t h a t  t h e  f r a c t i o n a l  
volume t h e y  occupy i s  s m a l l  ( N v  / V < < l )  - a  c o n d i t i o n  necessa -  
P 
s a r y  for  t h e  v a l i d i t y  o f  t h e  mean e q u a t i o n .  T h i s  r e s t r i c t i o n  
i s  r e f l e c t e d  i n  t h e  e q u i v a l e n t  p e r m i t t i v i t y  t e n s o r .  Smal l  
f r a c t i o n a l  volume r e q u i r e s  t h a t  I pGi l<<l where zi are t h e  
components of a .  - W e  c a n  e x h i b i t  t h e  dependence o f  t h i s  con- 
d i t i o n  on t h e  f r a c t i o n a l  volume E N V  / v = ~ v  e x p l i c i t l y  by i n -  P P  
t r o d u c i n g  a  normal ized  p o l a r i z a b i l i t y  t e n s o r  3 - a s  f o l l o w s :  
where we can show t h a t  t h e  components of  _a remain bounded a s  
- 
V +O. Now t h e  p e r m i t t i v i t y  can be w r i t t e n  a s  P 
E = I + ~ Z  
- - - 
(72) 
and thus  we have a  smal l  parameter f o r  o rde r ing  purposes.  
Although w e  a r e  a b l e  t o  c a r r y  o u t  t h e  c a l c u a l t i o n  of  t h e  
mean wave f o r  an a r b i t r a r y  average p o l a r i z a h i l i t y  t e n s o r  g, 
- 
it i s  convenient  t o  p a r t i a l l y  s p e c i f y  t h e  angula r  p r o b a b i l i t y  
d e n s i t y ,  p n ( g )  i n  o rde r  t o  make d iagona l .  F i r s t  we choose 
- 
- 
a s p h e r i c a l  coo rd ina t e  system o f  mutual ly  or thogona l  u n i t  
v e c t o r s  r 8 and Po. The p o s i t i o n  of  t h e s e  v e c t o r s  i s  com- 
- O f  -0 
p l e t e l y  determined by t h e  s p h e r i c a l  ang les  9 and 4 a s  shown 
i n  F igure  3 .  Now w e  a l i g n  t h e  p r i n c i p a l  axes  of  t h e  s c a t t e r -  
e r  a long  t h e s e  unit vec tors .  Then w e  w r i t e  
By us ing  t h e  usua l  t rans format ion  between s p h e r i c a l  and ca r -  
t e s i a n  coo rd ina t e s ,  (73) becomes 
where xl=x, x =y and x  -z and x O , 1 0  and zO a r e  c a r t e s i a n  u n i t  2 3 - - - 
v e c t o r s  . The relationship between the ax and a . a . a are given in Appendix B . 
i ' j  
Now assuming t h a t  t h e  random v a r i a b l e s  Oi and Q .  a r e  i n -  
1 
dependent, we w r i t e  
- 
~ ~ ( 0 )  - p g ( e ) p * ( 4 )  
- 
Averaging (74) , w e  have 
where 
We w i l l  now assume t h a t  t h e  p a r t i c l e s  a r e  d i s t r i b u t e d  
u n i f o r m i l y  i n  t h e  4 v a r i a b l e ,  i . e . ,  p m ( + ) = l / 2 n .  W e  f i n d  
where 
- - - 
a  = a  x O x O  + a y 0 y 0  + a Z Z ~ O z O  
-
 XX- - YY- - 
- - 1 - 2 - 
XX 
2 
a = a  = - [ a  s i n  8  + a 8 c o s  FJ + a 1 Y 2 r 0 
- 
- 2 - 
r 
2 a = a  cos 8  + a  s i n  8  
Z Z  8  
Thus a l l  o f f  d i a g o n a l  terms averaged t o  z e r o  and two o f  t h e  
on d i a g o n a l  terms a r e  equa l .  Using t h i s  i n  ( 7 2 ) ,  w e  see t h a t  
t h e  e q u i v a l e n t  d i e l e c t r i c  i s  u n i a x i a l .  
The mean wave i n  t h e  e q u i v a l e n t  a8diurn w i l l  now b e  found 
f o r  t h e  c a s e  of p a r t i c l e s  un i fo rmly  d i s t r i b u t e d  i n  t h e  azimuth 
c o o r d i n a t e  $. The i n c i d e n t  wave i s  given 
where 
wi th  
and t h e  p o l a r i z a t i o n  v e c t o r s  a r e  
The average  e lec t r ic  f i e l d  i n  t h e  e q u i v a l e n t  h a l f  s p a c e  s a t i s -  
f i e s  
L e t  us  assume a  p l a n e  wave s o l u t i o n  o f  t h e  form 
where K - = kt + ~~2'. In order to match fields at the inter- 
face, the transverse phase velocity of the incident and trans- 
mitted waves must be the same, thus ~ _ ~ = l c ~ = k ~ s i n 0 ~ ~ ~ .  Putting 
(06 ) in ( 85 ) , we have 
Representing - A in cartesian components (87) can be written as 
where 
2 2 @, = 1 + 6axx . @YY = cos e o  + 6;i YIJ , P,, = cos go + 6EZz 
Since ( 8 8 )  is a homogeneous system, the determinant of coef- 
ficients must be zero for a solution to exist. This condition 
determines the allowable values of K,. We find 
where the superscripts h and v have been used to designate the 
propagation constants associated with horizontal and vertical 
polarizations. For an incident wave that is no4 grazing, i.e. 
0 0 + ~ / 2 ,  expressions (90 ) and (91  ) can be simplified using the 
small 6 parameter. We have 
We cannot  c a l c u l a t e  t h e s e  p ropaga t i on  c o n s t a n t s  t o  h i g h e r  ac-  
c u r a c i e s  t han  O(6) s i n c e  t h e  o r i g i n a l  mean e q u a t i o n  has o n l y  
been found t o  t h i s  accuracy.  We n o t e  t h a t  sdnce  w e  a r e  con- 
s i d e r i n g  l o s s y  p a r t i c l e s ,  t h e  ~ 1 ~ )  a r e  complex and t h u s  t h e  
mean wave w i l l  decay away from t h e  i n t e r f a c e .  
Next. w e  c a l c u l a t e  t h e  ampl i tude  c s e f f i c i e n t s  f o r  t h e  
mean wave o f  bo t h  p o l a r i z a t i o n s .  W e  have 
and 
where w e  have i n t roduced  a  r e f l e c t e d  wave i n  t h e  f r e e  space  
medium a t  t h e  s p e c u l a r  ang le .  Now by u s ing  t h e  f a c t  t h a t  t h e  
t a n g e n t i a l  <E> and <H> must be  con t inuous  a t  t h e  i n t e r f a c e ,  
t h e  unknown r e f l e c t i o n  and t r a n s m i s s i o n  c o e f f i c i e n t s  can be 
c a l c u l a t e d .  S i nce  t h e  major  effect o f  t h e  e q u i v a l e n t  medium 
i s  t o  produce exponen t i a l  decay,  w e  n e x t  expand t h e  c o e f f i -  
c i e n t  f o r  sm a l l  6 and w e  keep on ly  ze ro  o r d e r  terms. We f i n d  
t h a t  r =O(6) and t h u s  it can be neg l ec t ed .  The t r a n s m i t t e d  q 
mean fields are: 
Proceeding with our developemnt, we now relate the transverse 
Fourier transform of the correlation to the backscattering 
coefficients. This is done within the context of the distor- 
ted Born approximation developed in the previous section. We 
start by taking the transverse Fourier transform with respect 
A 
to x and x of (65), (66) and (70). We have 
- -
where 
Since we will only require when x and s are in the equivalent 
- - - 
medium and since the reflection at the interface is small we s 
can replace by the dyadic Green's function for an infinite 
- 
equivalent medium, i.e., 
g(~ ,z )  = E(~) (5-g) + O(5) 
- 
(100) . 
We have written the infinite space Green's function in terms 
of - x-s - since it is translationally invariant. We then have 
Now by Puttillg (96) , (99) , (100) and (101) in (98) , by integra- 
h 
ting over st and by setting z=z=O, we have 
N A h 
<gf(ktf0)~;:ktr0)> = s(ktfql2)~(k -k W - 
- 
-t -t 
where 
-21mr (9) s 
* a * * q  O) .e Z 
- (103)  
Here ~ ( & ~ , q 1 ~ )  i s  t h e  t r a n s v e r s e  d y a d i c  s p e c t r a l  d e n s i t y  a t  
- 
t h e  i n t e r f a c e  assuming U is  f i x e d .  The normalizecl p o l a r i z a -  
- 
b i l i t y  h a s  been  i n t r o d u c e d  by u s i n g  ( 7 1 ) .  
By u s i n g  t h e  r e s u l t s  o f  Appendix C and by n o t i n g  t h a t  
'w w e  o b t a i n  t h e  b a c k s c a t t e r i n g  c o e f f i c i e n t s  
TO e v a l u a t e  t h e  i n t e g r a l  of i n  ( 1 0 3 ) ,  w e  w i l l  need  t h e  
- 
t r ans fo rmed  G r e e n ' s  f u n c t i o n .  To o b t a i n  it,  w e  f i rst  w r i t e  
t h e  g o v e r n i n g  e q u a t i o n  for E ( ~ ) .  I t  i s  
- 
5 )  - o u t g o i n g  a s  I x  )+m 
- 
Using 
i n  (10 5) , w e  f i n d  
2 [ ( & X & X ~ )  + ko (1+63)1*g(K) - - = -I 
- 
Then 
To s i m p l i f y  t h e  r ema in ing  computa t ion  f o r  i(m) w e  n o t e  from 
.-, 
- 
- 
- (104) and (103)  t h a t  _G(-) w i l l  o n l y  b e  r e q u i r e d  for %=-kt - 
0  
-kOsinB xO.  0- 
I n v e r t i n g  (107) and pe r fo rming  t h e  i n t e g r a l  i n  (107)  by 
t h e  method of r e s i d u e s ,  we o b t a i n  
where 
and t h e  6 ' s  a r e  d e f i n e d  i n  ( 8  9) . Approximating t h e  cc!:ffi- 
c i e n t s  t o  z e r o t h  o r d e r  i n  6 ,  w e  have t h e  s i m p l i f i e d  e x p r e s s i o n  1 
If w e  u s e  t h i s  i n  ( 1 0 3 ) ,  per form t h e  i n t e g r a t i o n  and use  
t h e  r e s u l t  i n  ( 1 0 4 ) ,  w e  have o u r  f i n a l  form f o r  t h e  backsca t -  
t e r i n g  c o e f f i c i e n t s .  It i s  I 1 
where 
and r:S)t s c I h , v }  a r e  g iven  i n  (92)  and ( 9 3 ) .  The dependence 
of l a  l 2  on a n g l e  o f  i n c i d e n c e  i s  worked o u t  e x p l i c i t l y  i n  
P4 
Appendix B f o r  s c a t t e r e r s  t h a t  a r e  d i s t r i b u t e d  un i fo rmly  i n  
t h e  $ c o o r d i n a t e .  
The f i n a l  r e s u l t  g iven  i n  ( 1 1 2 )  can  b e  expressed  i n  terms 
o f  s c a t t e r i n g  c r o s s  s e c t i o n s  o f  indj .v idua1 p a r t i c l e s .  Using 
( 2 8 ) ,  ( 6 0 )  and ( 7 1 1 ,  w e  have 
N o w  by r e c a l l i n g  t h a t  t h e  b a c k s c a t t e r i n g  c r o s s  s e c t i o n  from 
Fol lowing Attenla and%Ulaby  I19781 w e  can  g i v e  a  one  dimen- 
s i o n a l  i n t e r p r e t a t i o n  o f  (115) . If w e  rewrite (115) a s  
w e  can v iew t h e  s c a t t e r i n g  a s  b e i n g  decomposed i n t o  s c a t t e r i n g  
from s l a b s  o f  w i d t h  dz .  An i n t e n s i t y  o f  e x p ( ~ - 2 1 r n ~ ' ~ )  1 z 1  i s  
z 
i n c i d e n t  on t h e  s l a b  l o c a t e d  a t  z .  The i n c i d e n t  intensity i s  
b a c k s c a t t e r e d  w i t h  r e f l e c t i v i t y  f a c t o r  The backsca t -  
P9 
t e r e d  wave t h e n  decays  a s  exp(-21rnKhq) 1 z 1 ) u n t i l  it r e a c h e s  
t h e  i n t e r f a c e .  
DISCUSSION AND NUMERICAL EVALUATION 
I n  t h i s  s e c t i o n ,  w e  w i l l  f i r s t  d i s c u s s  s e v e r a l  g e n e r a l  I 
p r o p e r t i e s  o f  u0 t h a t  are independent  o f  t h e  p a r t i c u l a r  s c a t -  ! I PCl j 
t e r e r  chosen.  Fol lowing t h i s  d i s c u s s i o n ,  w e  u s e  o u r  method 1 
1 
t o  model a S o r e s t  canopy by a c o l l e c t i o n  o f  l o s s y  d i e l e c t r i c  i 
! 
discs. The t h e o r e t i c a l  c u r v e s  computed from t h i s  model a r e  i 
t h e n  compared w i t h  some e x p e r i m e n t a l  d a t a .  
Because o f  t h e  s i m p l e  dependence o f  a 0  on t h e  medium 
Pq 
p r o p e r t i e s  and i n c i d e n c e  a n g l e  c e r t a i n  g e n e r a l  o b s e r v a t i o n s  
c a n  b e  made t h a t  a r e  independen t  of  t h e  p a r t i c u l a r  n a t u r e  o f  
t h e  s c a t t e r e r .  F i r s t ,  w e  n o t e  t h a t  a 0  a s  g i v e n  by (115) i s  
Pq 
independen t  of t h e  d e n s i t y  o f  s c a t t e r e r s  p .  T h i s  f o l l o w s  d i -  
r e c t l y  from ( 9 2 )  and (93 )  where w e  see t h a t  t h e  lmtcLS), s c  ih ,v} 
a r e  d i r e c t l y  p r o p o r t i o n a l  t o  p .  Thus t h e  l i n e a r  p dependence 
i n  t h e  numerator  of  (115) i s  c a n c e l l e d  o u t  by t h e  denominator ,  
Second, WE! n o t e  t h a t  a 0  a c o s 0  T h i s  i s  t h e  same r e s u l t  a s  hh 0 ' 
p r e d i c t e d  by t h e  s c a l a r  t h e o r y .  F i n a l l y ,  w e  n o t e  t h a t  a 0  =oO hh vv 
a t  normal i n c i d e n c e  (OO=O). T h i s  is  a n  expec ted  r e s u l t .  S i n c e  
t h e  s c a t t e r e r s  a r e  un i fo rmly  d i s t r i b u t e d  i n  @, t h e  two p o l a r i -  
z a t i o n s  s e e  t h e  same medium a t  normal i n c i d e n c e .  
W e  now proceed t o  model a  f o r e s t  canopy by a  c o l l e c t i o n  
o f  l e a v e s .  The l e a v e s  are i n  t u r n  assumed t o  be l o s s y  d i e l e c -  
t r i c  discs a s  mentioned p r e v i o u s l y .  The discs have = a d i u s  a  
and t h i c k n e s s  h. T y p i c a l  d imensions  a r e  r a d i i  of  one t o  sev-  
e r a l  c e n t i m e t e r s  and t h i c k n e s s e s  o f  t e n t h s  o f  a  m i l l i m e t e r .  
8 
The e l e c t r i c a l  p r o p e r t i e s  o f  d i s c s  can b e  c h a r a c t e r i z e d  by 
*( 
t h e i r  normal ized  p o l a r i z a b i l i t y  t e n s o r  a when t h e  wavelength 
I 
- I I 
i s  l a r g e  compared t o  t h e  d i s c .  From J o n e s  El9641 and 
28 
Van d e  H u l s t  [1957] t h e  p o l a r i z a b i l i t y  o f  a  d i s c  a l o n g  i t s  
p r i n c i p a l  axes  i s  g iven  by 
when r , 8 , $  a r e  d e f i n e d  i n  F i g u r e  3 .  
Because of t h e  l a r g e  volume o f  w a t e r  p r e s e n t  i n  vege ta -  
t i o n ,  w e  can  u s u a l l y  assume la 1>>1 i n  t h e  microwave r e g i o n .  r 
Using t h i s  assumption i n  (117) , w e  f i n d  t h a t  1 a e  I =  1 a +  1 >> 1 a, 1 . 
T h i s  i n e q u a l i t y  can now be  used t o  s i m p l i f y  t h e  s c a t t e r i n g  
c r o s s  s e c t i o n  of (115) .  W e  f i n d  t h a t  a 0 2 
P9 = l E r l  Vp/1mcr. 
Thus it f o l l o w s  t h a t  t h e  magnitude o f  t h e  b a c k s c a t t e r i n g  c r o s s  
s e c t i o n s  a r e  d i r e c t l y  r e l a t e d  t o  t h e  volume and complex d i e -  
lec t r ic  c o n s t a n t  o f  t h e  d i s c s  i n  a s i m p l e  manner. T h e r e f o r e ,  
as l e a v e s  grow and a s  t h e i r  m o i s t u r e  c o n t e n t  changes  t h e s e  
e f f e c t s  shou ld  be  o b s e r v a b l e  by measur ing  u0 a t  d i f f e r e n t  
Pq 
p e r i o d s  o f  t h e  growing season .  
B e f o r e  computing t h e  b a c k s c a t t e r i n g  c r o s s  s e c t i o n s  a s  a  
f u n c t i o n  of  i n c i d e n c e  a n g l e ,  w e  w i l l  r e q u i r e  t h e  r e l a t i v e  d i -  
t r e l e c t r i c  c o n s t a n t  o f  t h e  l e a v e s  and t h e  a n g u l a r  d i s t r i b u t i o n  i i 
of l e a v e s .  F i r s t  t h e  r e l a t i v e  d i e l e c t r i c  c o n s t a n t  i s  c o n s i d e r e d  
Our c a l c u l a t i o n  f o l l o w s  t h a t  o f  Fung and Ulaby [19781 who i n  turn have 
h based  h i s  r e s u l t s  upon d e  Loor [1968] and C a r l s o n  [1967].  
They model t h e  l e a v e s  a s  a mix tu re  o f  water and s o l i d  materi- 
a l s .  For  i l l u s t r a t i v e  purposes  w e  have chosen 50% w a t e r  and 
50% s o l i d  f o r  o u r  c a l c u l a t i o n s .  By u s i n g  ( 3 )  and ( 4 )  of 
r Fung and Ulaby I19781 a t  a  f requency of  1.1 GHz w e  f i n d  t h a t  
30.8+i1.8. our choice of f r equency  h a s  been m o t i v a t e d  by experimen- 
t a l  r e s u l t s  t h a t  appear  i n  t h e  l i t e r a t u r e .  W e  have chosen t o  
compare our results with those of Bush, et a1 119761 who has 
measured o 0  p , q ~  h,v} from forests for frequencies 1-18 G H z .  
pqf 
Because of the dipole approximation made in our model, only 
the lowest frequency (1.1Mz) Ulaby measured was used for 
comparison purposes. 
The angular distribution of leaves will now be considered. 
Field measurements of leave orientations have been made by 
Smith I19731 and others. It has been found that the leaves 
are distributed uniformly in the @ coordinate (Figure 2). The 
distribution of leaves with respect to O is more vegetation 
type dependent. Several are given by Smith 119771. Since 
no measurements of this type exist for the Ulaby data, we 
have assumed that @ is uniformly distributed. For 0 we have 
considered the following two density functions: 
. -- 
elsewhere . 
In (118) when A9 is small, the leaves are approximately 4 
parallel to the interface (z=O); when A0 =n/2, they are un- 4 
iformly distributed in O. In (119) when AB1 is small., the 
leaves are perpendicular to the interface; when Ael is n/2 
they are uniforml-y distributed in O. 
The numerical calcualtions are presented in Figures 4-9. 
In these figures the backscattering coefficient is plotted as 
a function of the angle of incidence go. In Figures 4-7 we 
have u s e d  t h e  a n g u l a r  d i s t r i b u t i o n  g i v e n  i n  ( 1 1 8 )  w h i l e  i n  
F i g u r e s  7-9 w e  have  used  ( 1 1 9 ) .  F i g u r e  7  c o r r e s p o n d s  t o  a  
uni form d i s t r i b u t i o n  o v e r  a l l  8  and t h u s ,  f o r  t h i s  case, 
(118) and  (119)  g i v e  t h e  same r e s u l t s .  One s h o u l d  n o t e  t h a t  
s i n c e  l e r l > > l ,  a change i n  f ,  V o r  E j u s t  s.rifts t h e  l e v e l  
P r - 
o f  t h e  c u r v e s  b u t  it d o e s  n o t  change t h e i r  shape .  T h e i r  shape  
o n l y  depends  on pe  ( 0 )  . 
The f o l l o w i n g  t r e n d s  a r e  obse rved  i n  F i g u r e s  4-7: F i r s t ,  
a 0  i s  always g r e a t e r  t h a n  o 0  hh w' T h e i r  d i f f e r e n c e  i n c r e a s e s  
as A 0  becomes s m a l l e r .  Second, t h e  c r o s s  p o l a r i z e d  back- // 
s c a t t e r  becomes smaller a s  A 0  becomes s m a l l e r .  I n  F i g u r e  // 
7-9, w e  o b s e r v e  t h a t :  F i r s t ,  oGv becomes g r e a t e r  t h a n  ugh as 
A O 1  i s  d e c r e a s e d ;  second,  t h e  c u r v e  f o r  a 0  t e n d s  t o  f l a t t e n  hv 
00=0 b e c  
o u t  a s  A O 1  i s  i n c r e a s e d ;  and t h i r d ,  t h e  d i f f e r e n c e  ohh-ohv ac 
omes smaller a s  A8, i n c r e a s e s .  
A comparison o f  o u r  t h e o r y  w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  
o f  Bush, e t . a l  I19761 is nude i n  F i g u r e  10 .  T h e r e ,  w e  have 
p l o t t e d  o u r  F i g u r e  8 a l o n g  w i t h  h i s  d a t a  f o r  Kansas dec iduous  
trees measured i n  t h e  s p r i n g t i m e  a t  a  f r e q u e n c y  o f  1.1 G H z .  
F i g u r e  8 was chosen  s i n c e  i t  most  c l e a r l y  a p p e a r s  t o  f o l l o w  
Al though o u r  t h e o r y  f o l l o w s  t h e  t r e n d s  of t h e  d a t a ,  it 
i s  c l e a r  from t h e  r e s u l t s  t h a t  a d d i t i o n s  t o  o u r  model s h o u l d  
be made. The f a c t  t h a t  o>u{h i s  most  l i k e l y  d u e  t o  t h e  
v e r t i c a l l y  o r i e n t e d  t r e e  b ranches  o t h e r  t h a n  d u e  t o  t h e  l e a v e s  
t h a t  t e n d  t o  b e  p a r a l l e l  t o  t h e  i n t e r f a c e .  I n  a d d i t i o n ,  an 
e x a m i n a t i o n  o f  t h e  numer ica l  r e s u l t s  shows t h a t  t h e  s k i n  d e p t h  
31  
f o r  t h e  mean wave i s  l a r g e .  Thus a t  a f r e q u e n c y  o f  1 GHz t h e  
u n d e r l y i n g  ground s h o u l d  be t a k e n  i n t o  a c c o u n t .  
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APPENDIX A 
R e l a t i o n s h i p  Between t h e  T r a n s i t i o n  Opera to r  and t h e  S c a t t e r -  
i n g  Amplitude 
To f i n d  t h e  r e l a t i o n s h i p  between f and g, w e  s t a r t  w i t h  
-- - 
(15) . Using (23)  and ( 2 6 ) ,  w e  can w r i t e  (15)  i n  terms o f  
dyad ic  i n c i d e n t  and s c a t t e r e d  wave 
Next w e  use  (16)  i n  ( 1 A )  a l o n g  w i t h  t h e  f r e e  s p a c e  d y a d i c  
-1 Green 's  f u n c t i o n  f o r  & . W e  have 
- - 
Here t h e  free s p a c e  d y a d i c  G r e e n ' s  f u n c t i o n  i s  g i v e n  by 
To o b t a i n  e  i n  t h e  r a d i a t i o n  zone,  t h e  f a r  f i e l d  e x p r e s s i o n  
=s 
f o r  w i l l  be  r e q u i r e d .  It  i s  [Twersky, 19671 
- 
Now p u t t i n g  ( 4 A )  and (25)  i n  (2A) 
F i n a l l y  employing (19) i n  (5A) , and comparing w i t h  (27)  w e  
o b t a i n  t h e  r e q u i r e d  r e s u l t  
2  f (0  i) = 2n (2-0 0)  =$( k O ~ , k O & )  (I-i i) (6A) - -I- 
- - -  - - - -  
APPENDIX B - Polarizability Statistics 
In this appendix calculate the mean square polarization 
statistics used in (112). The calcualtion will be performed 
with the assumption that the scatterers are uniformly distri- 
buted in 0. 
First we derive the components of the polarizability 
tensor in cartesian coordinates in terms of the principal axis 
components. The unit vectors rot Q0 and 4 O  are related to xot 
- - 
x0 and zO as follows: 
- 
r0 = sin8cos$xo + sinOsin+yo + cos8z0 
- - - 
0O = cosOcos$xO +cos8sin4yo - sin8z0 (1B) 
- - - 
i0 = -sin$xO + cos$yO 
- 
Using this in ( 7 3 ) ,  the cartesian components of ( 7 4 )  are: 
2 2 2 2 
a = (arsin 0 + a cos 8)cos $ + a sin $ 
xx 8 4 
2 2 2 2 
a = (a sin 8 + agcos 0)sin $ +a cos 4 YY r 4 
2 2 
a = [(arsin 0 + a cos 8) - a4]cos+sin$ XY 8 
The other components are gotton from the fact that 3 'is a 
- 
symmetric dyadic. 
Now we will obtain the components of 2 in the polariza- 
- 
tion directions in terms of the cartesian components. We 
have using (8 4) 
= ho.a*vo = -ease a + sine a 
- = ..- 0 YX @ YZ 
2 2 
= vO-gevO = cos 0 a - 2cos00sin00axz + sin eOazz avv - - - 0 xx 
Following this, the mean square polarizabilities can be 
found. They are 
2 2 la hv l 2  = cos eplayx12 + sin 0 ~ 1 a ~ ~ 1 ~  
2 4 4 2 2 
= cos e 1 a 1 + sin go 1 aZZ 1 2+cos gosin en (4 laxz 1 2 1 avv 1 0 xx 
where the uniformity in d, has lead to 
a* can be obtained easily from (2B) by using the and axx zz 
known statistics of 8 and @. 
are 
1 
where I i ( q )  is  t h e  i n c i d e n t  i n t e n s i t y  p e r  u n i t  a r e a  w i t h  po- 
i 
I 
l a r i z a t i o n  q ,  I s ( p . q )  i s  t h e  average  i n t e n s i t y  a t  t h e  obse r -  
P 
v a t i o n  p o i n t  w i t h  p o l a r i z a t i o n  p  due t o  a n  i n c i d e n t  wave w i t h  t 
B 
p o l a r i z a t i o n  q .  I n  view o f  (81)  , I .  ( q )  =l. W e  a l s o  have 
1 
i 
1; 
we c a n  comple te  t h e  development by f irst  r e p r e s e n t i n g  
.., 
t h e  f i e l d  on t h e  i n t e r f a c e  by i t s  F o u r i e r  t r a n s f o r m ,  gf(-k_ttq):  
Now by u s i n g  (2C) . ( 4 C )  and (5C) i n  (3C) , w e  have  
2 2  kOcos  €I0 .v 
o0  = l i m  l i m  'dx"< 
pq A+W I x l + m  z 4 n 5 ~  d ~ t  -t I E O * E ~ ( & < I ~ )  
Next w e  i n t r o d u c e  t h e  t r a n s v e r s e  d y a d i c  s p e c t r a l  d e n s i t y  
(kt , q )  which i s  g iven  by 
. 
Note t h a t  t h i s  d e f i n i t i o n  r e q u i r e s  t h a t  t h e  p r o c e s s  g f (&, t ,q )  
b e  homogeneous o r  s t a t i o n a r y  i n  k 
-t' 
By u s i n g  (7C) i n  (6C) and c a r r y i n g  o u t  t h e  i n t e g r a t i o n s .  
w e  o b t a i n  
2 2  k  c o s  0 
(50 = 0  
Pq 3 O S (-k .q) 4n P  -to 
where 
L i s t  o f  F i g u r e s  
F i g u r e  1 D i s t r i b u t i o n  o f  p a r t i c l e s  w i t h i n  volume V 
F i g u r e  2 I n c i d e n c e  wave on h a l f  s p a c e  o f  c n i f o r m i l y  
d i s t r i b u t e d  p a r t i c l e s  
F i g u r e  3 P r i n c i p a l  a x e s  o f  scatterer 
F i g u r e  4 B a c k s c a t t e r i n g  c o e f f i c i e n t s  v e r s u s  a n g l e  
o f  i n c i d e n t  f o r  ABy = 1 0 °  
F i g u r e  5 B a c k s c a t t e r i n g  c o e f f i c i e n t s  v e r s u s  a n g l e  
i n c i d e n t  for Ae,, =3 O 0  
. . 
F i g u r e  6 B a c k s c a t t e r i n g  c o e f f i c i e n t s  v e r s u s  a n g l e  
i n c i d e n t  f o r  A B U  =6 O 0  
- .  
F i g u r e  7 B a c k s c a t t e r i n g  c o e f f i c i e n t s  v e r s u s  a n g l e  
o f  i n c i d e n k -  . . f o r  A0 =A0 = 9 0 °  J /  1 
F i g u r e  8 B a c k s c a t t e r i n g  c o e f f i c i e n t s  v e r s u s  a n g l e  
of  i n c i d e n t  f o r  hBL=6O0 
F i g u r e  9 B a c k s c a t t e r i n g  c o e f f i c i e n t s  v e r s u s  a n g l e  
o f  i n c i a e n t  f o r  AO1=lOO 
F i g u r e  1 0  Comparison o f  e x p e r i m e n t a l  and t h e o r e t i c a l  
r e s u l t s  fbr Ael=6C0 

Figure 2 
Figure  3 

. . 
. ~ 45 
. , - . - . - ^ - - - , - - .. -- -.-.- rr .  .", . . *rur..-*7.rr- - - ? . . - - - - - -  
"I. ."'". *- .- -. .:-;:
.* - -... - 


Q = I c m  
- h t . 5 m m  
I- 
a 
I I I I I t I I I C 
8 1.0 2 0  30 40 50 60  80 ' 
'I 
70 
03 
ANGLE O F  INCIDENCE ( DEGREES ) 
8,s 31 + 11.8 
f = l . l  GHz 
a =  l c m  
h =  . 5 m m  
0 beL= 10 
I r: n 9 I a 1 1 C 
0 10 20  30 40 50 - 
Y 
60 70 80 ID 
\D 
ANGLE O F  INCIDENCE ( DEGREES ) 
Figure 10 
